The fluxon·antifluxon array is shown to play an important role to produce the zero-field steps (ZFS) by modulating the resonant interaction between ac Josephson current-density waves and cavity waves. Good agreements between the theory and the experiments are found. It is shown that large current steps occur at even-order voltages, and their amplitudes decrease with increasing voltage. Furthermore, the respective origins of a cutoff voltage and hysteresis phenomena are explained. § 1. Introduction
In the present paper we study the'so-called zero-field current steps (ZFS) in the current-voltage (I-V) characteristics of a Josephson junction. Since the ZFS seem to be closely related to the Fiske steps (FS) from the author's point of view, the introduction begins with a brief review of the FS.
In experiments, 1) FS occur at voltages
Vm =mnwc/(2e) (1 0 1) in the I-V characteristics of a Josephson junction under the influence of an external magnetic field. In (101), m is a positive integer, while n, We and e are respectively, the Planck constant, the fundamental frequency, and the magnitude of the electronic charge. Existing theories 2 ) tell that the FS structure arises from interaction of the ac Josephson current-density waves with the electromagnetic field in the junction acting as a resonator. According to these theories, the fundamental frequency We is given by JrC We=y, (102) where C is the propagation velocity of the decelerated electromagnetic waves (cavity waves) in the junction and L is the length of the junction.
The distinctions between ZFS and FS are stated as follows. First, ZFS appear even in the absence of an external magnetic field, while FS occur only in the presence of the external field. Second, m in (101) can only be an even integer in the ZFS, while m may be any integer in the FS. Thirdly, a cutoff voltage exists in the ZFS,while no cutoff voltage has been observed in the FS. These distinctions are first observed by Chen, Finnegan and Langenberg in 1971. 3 ) Since then, external magnetic field dependence of current step heights 4 ) and hysteresis phenomena 5 ) have been experimentally observed. The first theoretical explanation for ZFS was put forward by Fulton and Dynes 6 ) in terms of vortex motion inside the junction.
In their theory, sufficiently energetic vortices or anti-vortices travel repeatedly up and down along the length of the junction by reflections, and these reflections bring about ZFS. This fascinating idea has been taken over by several authors7) and they get remarkable results. Unfortunately, Vm given by (101) and (102) do not seem to agree with those obtained in the vortex model. Other theoretical approaches to ZFS were first given by Takanaka, and by Gou and Chung. 8 ) According to their theories, the nonlinear self· coupling of cavity waves in the junction is responsible for the appearance of ZFS. This nonlinear self-coupling theory, which is quite similar to Kulik's theory2) for FS, seems successful when an external magnetic field is absent, and has been improved by several authors.9) The basic idea of present theory is quite close to those of the above "self-coupling" theories in the sense that ZFS are assumed to arise from the resonance between cavity waves and ac Josephson current density. But a distinctive difference lies in that the fluxon-antifluxon array solution satisfying the static sine-Gordon equation plays important roles in our theory, while the fluxon lattice solution or the uniform solution of the static sine· Gordon equation are used in Kulik's or "self-coupling" theory, respectively. We will see shortly that the introduction of the fluxon-antifluxon array solution leads to the appearance of ZFS with properties which are widely consistent with the experimental results.
This paper is organized as follows. In § 2 the basic idea of this paper is introduced; the phase difference of a junction is decomposed into the slipping fluxon·antifluxon array and the cavity waves when the junction is in the energetical steady state. Next, the expression of the super current is given by using the decomposed phase. In § 3, the appearance of large current steps at even-order voltages in the absence of an external field is shown by evaluating the supercurrent numerically. In § 4, the respective origins of cutoff voltage and hysteresis phenomena are explained. Section 5 is devoted to discussions. § 
Formulations
As is well-known, the basic dynamical variable of our one· dimensional junction is the phase difference ¢(. 
and (2'3) In (2'2) Here fIe is not confined to the case fIe = 0 in the present paper in order to study the dependence of the current amplitude of ZFS on the external magnetic field.
Our investigation should be carried out under the condition (2'5) since the energy-injection by y and the damping losses due to aept must be balanced to keep the system in a steady state. The bar in (2'5) denotes space-time averaging. Equation (2· 5) is, under the condition (2· 4), equivalent to
Here H SG is the Hamiltonian l l ) of the perfect sine-Gordon system scaled by hIol (2eD) where D is the width of junction.
To study ZFS, the phase difference ep(x, t) is assumed to be given by (2'7) where the term wt represents the phase slippage in the inclined sine-Gordon potential 1-cosep -yep, and ¢o(x) is the solution of the ftuxon-antiftuxon array satisfying the static sine-Gordon equation
while tPl (x, t) is the cavity wave satisfying the equation
Since our system is assumed to be in the steady state described by (2'5), the time average
The explicit form of the ftuxon-antiftuxon array solution ¢o(x) is given by To obtain the expression of the supercurrent, we also need the solution 91 (x, t). However, the exact form of 91 (x, t) satisfying (2.10) and (2.15) is not obtained, and we therefore use the approximate solution of the form 
and
Our approximate solution (2·17), which has been used successfully in the theory for FS,z) is gained by neglecting ¢1(X,t) in the sine term of (2·9 In (2·20) and (2·21), jdc is the dc supercurrent and Vdc is the dc voltage respectively defined by
and (2·23) Combining (2·16) and (2·21), the final expression of jdc in our theory is given by
Before ending this section, we must note that the present slipping fluxon-antifluxon theory is not available for a shorter junction with 
are respectively obtained, where K[I/ k) is the complete elliptic integral of the first kind and XO is given by (2·13). The integers NM, NAM and N MX in (3·1) specify the number of nodes in ¢o(x) in each modes.
We are now in a position to calculate Dim. We first study the case for even m's and second for odd m's. In the above discussions, we have neglected the effect of Dzm. As is easily obtained from (3·5), D z m also has the finite value at fie=O,
However, this value is considerably small compared to (3·6) in most m's, and we therefore have neglected this effect.*l
for odd m's
In addition to even mode steps, zero field step currents appear also at voltages (1·1) with an odd m in our theory. However, the appearance of odd mode steps should not be regarded as a drawback of our theory because most of their amplitudes are, as will be shown, negligibly small compared with those of the even mode step currents.
For odd m's, we get the result ( ~rry given by (3' 9) occurs when m = 2N + 1
However, the ratio
is found to be extremely small for most m/2 values.
In our numerical calculations for /=5, 10, 15, 20 , most values of l/k (O<l/k<1) are larger than 0.9, and this leads to small values of (3'13) (see Table I ).*) Here, let us state the conclusions obtained so far. (i) In the presence of the fluxon-antifluxon array, the ZFS structure arises from interaction of the cavity wave with the ac Josephson current, (ij) ZFS at fie = ° occur at voltages (1.1) and (1' 2) with m = 2,4,6,"', and their amplitudes are given from (2·24) and (3' 6) as (3'14) (iii) The above jdc decreases with increasing voltage. This is partly due to the factor 1/ O!VdC and partly due to the faCtor 1/ k4 which becomes monotonically smaller for larger *) By the same reason, most values of lD,ml given by (3.7) are much smaller than those of IDI ml given by (3'6).
m's (see Table I ).
(iv) Besides the even mode step currents (3·14), the small odd mode step currents occur. If the junction with the appropriate length is prepared, some of odd mode step currents have considerable amplitudes.
( v ) The amplitudes of ZFS for m = 1,2,3,4,.·· depend on an external magnetic field through the coefficients (Dlm)z+(Dzm)2.
Since, as was given in § 2, our theory is, at fie = 0, appropriate in the longer junctions with l > l[, we should compare the above conclusions with the experiments carried out in such longer junctions. However, except for two cases,5) existing experiments are performed in the junctions with l ~ 1. Then let us momentarily assume that our theory could be compared with these experiments, because the used junctions might be much longer. Our voltage dependence of step currents given in (iii) seems to agree with experiments in Ref. 3) and the first reference in 5). And the small ZFS at odd m values and the considerably large step current at m = 1 (see (iv» are respectively reported in Ref. 4) .
Our field dependences of DIm for even m's (see (v» also agree qualitatively with the experiment in Ref. 4 ).
Before ending this section, we note that the solution <po(x ), which is also the solution of (2·8) and represents a magnetic ftuxon (lattice), does not give ZFS. Since the possible <Po(x) at fie=O is the Meissner or anti-Meissner type solution with no ftuxon (antiftuxon),13J we can g~t (2·24) as the expression of the step current by using (2·7). But (fo(x) must be replaced by <Po(x) in the definitions of Dim. If a ftuxon (autiftuxon) were present in the junction at fie =0, the decomposed phase (2· 7) with the replacement of (fo(x) by <Po(x) would be inadequate because the ftuxon travels up or down along the length of the junction. 14 ) The assumption (2·7) is valid for our ¢o(x) or the <po(x) with no ftuxon (antiftuxon). It is easily seen that Dim with <po(x) vanish at He=O. As an example, let us show D1m=0 at He=O. For an odd m, D1m=0 is given for an arbitrary (l ::::::: 1 in their experiment), the cutoff voltage does not seem to be affected by the length of the junction. Furthermore, they reported that the temperature dependence of cutoff voltage has a plateau at 0.5 Te. In our theory, the temperature dependence of the cutoff comes from Af in l. After estimating the temperature dependence of Af, we do not find any significant temperature dependence except in the region 
(T)=AL(0)[I-(T/T e )4)-1I2.
In some experiments carried out in a long junction, hysteresis phenomena 5) are reported. These phenomena seem consistent with the present theory: The energy of our sine-Gordon system H SG is the functional of ;;;0 (x ) because the amplitude of the cavity wave is determined by ;;;o(x) (see (2·9)). Including the coupling energy between ;;;o(x) and the energy injection r, we get (3'18) under the steady state condition (2'5) (the energy injection density r(x) is assumed to have small x -dependence). If we change the energy injection r continuously, our ¢o (x) will eventually jump to the other ¢o(x) so as to lower the energy fl. In a longer junction, ¢o(x) has more chances to jump to other ¢o(x) because the number of ¢o(x) increases in a longer junction.
In closing this section, it should be remarked that the energy of the junction for given fl e , I and r is minimized not by the solution ¢o(x), but by the ftuxon array solution <Po(x ).18) In our opinion, this marked characteristics of the solution ¢o(x) explains why ZFS had been hidden until its discovery by Chen et al. 3 ) In more detail, both types of solution ¢o(x) and <Po (x) are possible in the range of the field 0<fle<2, but the solution ¢o(x) must be chosen to derive the ZFS. 19 ) § 5. Discussion
Our formula (2·24) obtained in the longer junction (l > 7[) is valid, as is clear from its derivation, if the quality factor of the junction Q == RCwo( = 1/ a) is sufficiently small.
Although to remove this limitation is necessary for the analyses of experiments carried out in the large Q junctions, it is considerably difficult to develop the theory. This is partly because the slipping part of the decomposed phase (2'7) contains, in the large Q case, the periodical time dependent term in addition to wt,20) and partly because the existence of ¢o(x) makes the investigation of <PI (x, t) quite complicated. Since the uniform solution 0 is used as ¢o(x) in the "self-coupling" theory, there exists no limitation on l. Contrary to this, both the present theory and the vortex theory are not valid in small junctions because any fluxon-antiftuxon array does not exist in the junctions with l < 7[, nor does any vortex in those with I ~ 27[. Relating to this, the dissipation coefficient plays a crucial role for the cutoff voltage in the "self-coupling" theory, while the length of a junction determines the cutoff voltage both in the present theory and in the vortex one. This difference between the "self-coupling" theory and the present (or vortex) theory shows the importance of the parameter l when we study the ZFS structure experimentally or theoretically. The moving vortex model, which appears not only attractive but also fairly successful, is probably effective, as Rajeevakumar et al. 21) pointed out, in interpreting the so-called resistive branches which extend over a wide range of voltage. From the author's point of view, there would be various sorts of step currents arising from different mechanisms. The step structures in the Josephson junction seem to be calling for further investigations.
